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A CANONICAL TANNAKA DUALITY FOR FINITE
SEMISIMPLE TENSOR CATEGORIES
TAKAHIRO HAYASHI
Graduate School of Mathematics, NagoyaUniversity,
Chikusa ku,Nagoya 464 8602, Japan
Abstract. For each finite semisimple tensor category, we associate a quantum
group (face algebra) whose comodule category is equivalent to the original one,
in a simple natural manner. To do this, we also give a generalization of the
Tannaka-Krein duality, which assigns a face algebra for each tensor category
equipped with an embedding into a certain kind of bimodule category.
1. introduction
Let C be a tensor category over a field K and Ω an “embedding” of C into the
category mod(K) of all finite-dimensional vector spaces over K. A version of the
Tannaka-Krein duality theorem says that there exists a natural way to construct
a bialgebra C(Ω) such that the category com(C(Ω)) of all finite-dimensional right
C(Ω)-comodules is equivalent to C.
After the discovery of the quantum groups and Jones’ index theory, it is recog-
nized that there exist natural interesting examples of tensor categories which have
no embeddings into mod(K) (see e.g. [3], [17], [23]).
In this letter, we show that there exists a natural simple way to construct an
embedding Ω0 of each tensor categoryC into a certain bimodule category bmd(R),
provided that C is finite semisimple. Here R denotes a suitable finite direct product
of copies of K. Also, we give a generalization of the Tannaka-Krein duality to
tensor categories C equipped with such embeddings Ω : C → bmd(R), using a
generalization of the notion of a bialgebra, which is called a face algebra (cf. [4]-
[12], and also [1], [13], [20]). Combining these, we obtain a natural way to construct
a face algebra C(Ω0) such that com(C(Ω0)) is equivalent to C, where C is an
arbitrary finite semisimple tensor category over K.
In Section 2, we recall the definition of the V-face algebra and that of the V-
dressed coalgebra (cf. [12]). The latter enables us to imitate Schauenburg’s formu-
lation of the Tannaka-Krein duality (cf. [19]). In Section 3, we give a generalization
of the Tannaka-Krein duality, which we call V-Tannaka duality. In Section 4, we
state the main result.
Throughout this letter, we denote by Mod(A) and mod(A) the category of
all left A-modules and the category of all finite-dimensional A-modules of a K-
algebra A, respectively, where K denotes the ground field. In particular, Mod(K)
denotes the category of all vector spaces over K. Also we denote by bmd(A)
and bmd(A) the category of all A-bimodules and the category of all K-finite-
dimensional A-bimodules, respectively. For a coalgebra C and its right comodule
M , we use Sweedler’s sigma notation, such as ∆(c) =
∑
(c) c(1) ⊗ c(2) (c ∈ C) and
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(id ⊗∆) ◦ δ(m) =
∑
(m)m(0) ⊗m(1) ⊗m(2) (m ∈ M), where ∆ and δ denotes the
coproduct of C and the coaction ofM , respectively (cf [21]). We denote by com(C)
the category of all finite-dimensional right C-comodules.
We wish to thank Prof. S. Yamagami for valuable discussions.
2. Preliminary
Let K be a field and V a finite non-empty set. We denote by R = RV the K-linear
span of V equipped with an algebra structure given by λµ = δλµλ (λ, µ ∈ V). Let
◦
R =
⊕
λ∈V K
◦
λ be a copy of R and EV = E =
◦
R ⊗ R the tensor product algebra
equipped with a coalgebra structure given by setting
∆(
◦
λµ) =
∑
ν∈V
◦
λν ⊗
◦
νµ, ε(
◦
λµ) = δλµ (2.1)
for each λ, µ ∈ V. Here we write λ and
◦
λ instead of id⊗ λ and
◦
λ⊗ id, respectively.
Let H be a K-algebra equipped with a coalgebra structure (H,∆, ε) together with
an algebra-coalgebra map E → H. We say that H is a V-face algebra if the following
relations are satisfied:
∆(ab) = ∆(a)∆(b), (2.2)
ε(ab) =
∑
ν∈V
ε(aν)ε(
◦
νb) (2.3)
for each a, b ∈ H. Here we denote the images of ν and
◦
ν of E via the map E → H
simply by ν and
◦
ν, respectively. We call the elements ν,
◦
ν ∈ H face idempotents of
H. It is known that a bialgebra is an equivalent notion of a V-face algebra with
card(V) = 1.
We say that a linear map S : H → H is an antipode of H, or (H, S) is a Hopf
V-face algebra if
∑
(a)
S(a(1))a(2) =
∑
ν∈V
ε(aν)ν,
∑
(a)
a(1)S(a(2)) =
∑
ν∈V
ε(νa)
◦
ν, (2.4)
∑
(a)
S(a(1))a(2)S(a(3)) = S(a) (2.5)
for each a ∈ H. An antipode of a V-face algebra is an antialgebra-anticoalgebra
map, which satisfies
S(
◦
λµ) =
◦
µλ (λ, µ ∈ V). (2.6)
The antipode of a V-face algebra is unique if it exists.
Let M be a right comodule of a V-face algebra H. We define an R-bimodule
structure on M by
λmµ =
∑
(m)
m(0)ε(λm(1)µ) (m ∈M, λ, µ ∈ V). (2.7)
Let N be another H-comodule. We define an H-comodule structure on M ⊗RN by
m⊗R n 7→
∑
(m),(n)
(m(0) ⊗R n(0))⊗m(1)n(1) (m ∈M, n ∈ N). (2.8)
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The category com(H) becomes a monoidal category via this operation. If, in ad-
dition, H has a bijective antipode, then com(H) is rigid and the left dual object of
M ∈ obcom(H) is given by
M∨ = HomK(M,K),
∑
(m∨)
〈m∨(0), m〉m
∨
(1) =
∑
(m)
〈m∨, m(0)〉S(m(1))
(m ∈M, m∨ ∈M∨). (2.9)
Let C be a coalgebra equipped with E-bimodule structure. We say that C is a
V-dressed coalgebra if C satisfies
∆(
◦
λµc
◦
λ
′µ′) =
∑
(c)
◦
λc(1)
◦
λ
′ ⊗ µc(2)µ
′, (2.10)
∑
(c)
λc(1)µ⊗ c(2) =
∑
(c)
c(1) ⊗
◦
λc(2)
◦
µ, (2.11)
ε(
◦
λc
◦
µ) = ε(λcµ) (2.12)
for each c ∈ C and λ, µ, λ′, µ′ ∈ V. For a V-dressed coalgebra C, we define another
V-dressed coalgebra Cbop to be the opposite coalgebra of C equipped with E-
bimodule structure given by
◦
λµ ⊗ c ⊗
◦
λ′µ′ 7→
◦
µ′λ′c
◦
µλ (λ, µ, λ′, µ′ ∈ V). Let D be
another V-dressed coalgebra. A coalgebra map f from C to D is called a map of
V-dressed coalgebras if it is an E-bimodule map. The tensor product E-bimodule
C⊗ED becomes a V-dressed coalgebra via
∆(c⊗Ed) =
∑
(c),(d)
(c(1)⊗Ed(1))⊗ (c(2)⊗Ed(2)), (2.13)
ε(c⊗Ed) =
∑
ν∈V
ε(cν)ε(νd). (2.14)
The category DrCoalgV of all V-dressed coalgebras becomes a monoidal category
via this operation with unit object E. It is easy to see that a monoid in this category
is simply a V-face algebra.
3. The V-Tannaka duality
For each M ∈ obbmd(R) and N ∈ obbmd(
◦
R), we regard N ⊗M as an object
of Bmd(E) via
◦
λµ(n⊗m)
◦
λ
′µ′ =
◦
λn
◦
λ
′ ⊗ µmµ′ (n ∈ N,m ∈M,λ, µ, λ′, µ′ ∈ V).
(3.1)
For each M ∈ obbmd(R), we define M∗ to be the K-linear dual of M equipped
with
◦
R-bimodule structure given by
〈
◦
λm
∗
◦
µ, m〉 = 〈m∗, λmµ〉 (m ∈M,m∗ ∈M∗, λ, µ ∈ V). (3.2)
Also, we define M∨ to be the K-linear dual of M equipped with R-bimodule struc-
ture given by
〈λm∨µ, m〉 = 〈m∨, µmλ〉 (m∨ ∈M∨, m ∈M, λ, µ ∈ V). (3.3)
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We say that a pair (C,Ω) is a category with V-face if C is an essentially small
category and Ω is a functor from C to bmd(R). We say that a pair (F, ζ) is a
map of categories with V-faces from (C,Ω) to (C′,Ω′) if F : C → C′ is a functor
and ζ : Ω ∼= Ω′ ◦ F is a natural isomorphism. For categories with V-faces (C1,Ω1),
(C2,Ω2), we denote the category C1 × C2 with V-face Ω1 ⊗R Ω2 : (X1, X2) 7→
Ω1(X1)⊗R Ω2(X2) (X1 ∈ obC1,X2 ∈ obC2) by (C1,Ω1)× (C2,Ω2).
For a category with V-face (C,Ω), we denote by C(Ω) = C(C,Ω) the coend of
Ω∗⊗Ω, where Ω∗⊗Ω is viewed as a functor from Cop×C to Bmd(E) (cf. [15]). By
definition, these exists a unique family of maps κX = κ
Ω
X : Ω(X)
∗ ⊗ Ω(X)→ C(Ω)
(X ∈ obC) in Bmd(E) such that (i) {κX}X is a dinatural transformation, that is,
the diagram
Ω(Y )∗ ⊗ Ω(X)
id⊗Ω(f)
−−−−−→ Ω(Y )∗ ⊗ Ω(Y )
Ω(f)∗⊗id
y
yκY
Ω(X)∗ ⊗ Ω(X)
κX−−−−→ C(Ω)
(3.4)
is commutative for each f : X → Y and that (ii) for another dinatural transforma-
tion {ιX : Ω(X)
∗ ⊗ Ω(X) → M}X , there exists a unique map h : C(Ω) → M such
that ιX = h ◦ κX for each X ∈ obC. By the explicit description of the coend via
direct sums and a coequalizer, C(Ω) agrees with the coend of Ω¯∗ ⊗ Ω¯ : Cop × C
→ Mod(K) as a vector space, where Ω¯ denotes the composition of Ω with the
forgetful functor bmd(R) → mod(K). Hence C(Ω) becomes a coalgebra (see e.g.
Schauenburg [19] p. 29).
For X ∈ obC, we define the map δX = δ
Ω
X : Ω(X)→ Ω(X)⊗ C(Ω) by
δX(m) =
∑
i
mi ⊗ κX(m
i ⊗m) (m ∈ Ω(X)), (3.5)
where {mi} denotes a basis of Ω(X) and {m
i} denotes its dual basis. Then δX
gives a right C(Ω)-comodule structure on Ω(X), and satisfies
δX(λmµ) =
∑
(m)
m(0) ⊗ λm(1)µ, (3.6)
∑
(m)
λm(0)µ⊗m(1) =
∑
(m)
m(0) ⊗
◦
λm(1)
◦
µ (3.7)
for each m ∈ Ω(X) and λ, µ ∈ V. Using these, we see that C(Ω) is a V-dressed
coalgebra. For example, if C = 1 has the only one object I and the only one
morphism, and if Ω = R sends I to R, then, C(Ω) is isomorphic to E as a V-
dressed coalgebra.
For categories with V-faces (C1,Ω1) and (C2,Ω2), there exists a unique isomor-
phism φ2 : C(C1,Ω1)⊗EC(C2,Ω2)∼= C((C1,Ω1)×(C2,Ω2)) of V-dressed coalgebras
such that
(Ω1(X1)
∗ ⊗ Ω1(X1))⊗E (Ω2(X2)
∗ ⊗ Ω2(X2))
κ
Ω1
X1
⊗Eκ
Ω2
X2−−−−−−−→ C(Ω1)⊗EC(Ω2)
∼=
y
yφ2
(Ω1(X1)⊗R Ω2(X2))
∗ ⊗ (Ω1(X1)⊗R Ω2(X2))
(κΩ1⊗RΩ2)(X1,X2)−−−−−−−−−−−−→ C(Ω1 ⊗R Ω2)
is commutative for each X1 ∈ obC1 and X2 ∈ obC2.
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Suppose C is a K-linear abelian category and Ω is a faithful K-linear exact
functor. Then applying a primitive version of the Tannaka-Krein duality theorem
to Ω¯, we see that Ω gives a categorical equivalence from C onto com(C(Ω)) (see
e.g. Schauenburg [19] p. 39).
For a map (F, ζ) : (C,Ω) → (C′,Ω′) of categories with V-faces, there exists a
unique map C(F, ζ) : C(Ω)→ C(Ω′) of V-dressed coalgebras such that the following
diagram is commutative for each X ∈ obC:
Ω(X)
δΩX−−−−→ Ω(X)⊗ C(Ω)
ζX
y
yζX⊗C(F,ζ)
Ω′(F (X))
δΩ
′
F (X)
−−−−→ Ω′(F (X))⊗ C(Ω′).
(3.8)
For another map (F ′, ζ′) : (C′,Ω′) → (C′′,Ω′′) of categories with V-face, we have
C((F ′, ζ′) ◦ (F, ζ)) = C(F ′, ζ′) ◦C(F, ζ), where (F ′, ζ′) ◦ (F, ζ) denotes the compo-
sition (F ′ ◦ F, {ζ′F (X) ◦ ζX}X)).
Let (C,Ω) be a category with V-face such thatC = (C,⊗) is a monoidal category
with unit object I and that Ω is a monoidal functor with natural isomorphism
(ϕ2)XY : Ω(X) ⊗R Ω(Y ) ∼= Ω(X ⊗ Y ) and with isomorphism ϕ0 : R ∼= Ω(I).
Since (⊗, ϕ2) : (C,Ω) × (C,Ω) → (C,Ω) is a map of categories with V-faces, we
obtain a map m = C(⊗, ϕ2) ◦ φ2 : C(Ω)⊗E C(Ω) → C(Ω) of V-dressed coalgebras.
Similarly, considering (I, ϕ0) as a map of categories with V-faces from (1, R) to
(C,Ω), we obtain a map η = C(I, ϕ0) of V-dressed coalgebras from E to C(Ω).
The triple (C(Ω),m, η) becomes a monoid in DrCoalgV, and therefore it gives a
V-face algebra. Moreover, Ω gives a monoidal functor from C to com(C(Ω)).
Next, suppose that each object X of C has a left dual X∨. Using the uniqueness
of the left dual of Ω(X) in bmd(R), we obtain a natural isomorphism jX : Ω(X)
∨ →
Ω(X∨) in a natural manner. Since (∨, j) : (Cop,Ω∨)→ (C,Ω) is a map of categories
with V-faces, there exists a unique map S : C(Ω)bop → C(Ω) of V-dressed coalgebras
such that
Ω(X)∨
tw◦(δΩX)
♭
−−−−−→ Ω(X)∨ ⊗ C(Ω)bop
jX
y
yjX⊗S
Ω(X∨)
δΩ
X∨−−−−→ Ω(X∨)⊗ C(Ω)
(3.9)
is commutative for each X ∈ obC, where
(δΩX)
♭(m∨) =
∑
i
∑
(mi)
〈m∨, mi(0)〉mi(1) ⊗m
i, (3.10)
tw(c⊗m∨) = m∨ ⊗ c (m∨ ∈ Ω(X)∨, c ∈ C(Ω)bop). (3.11)
The map S gives an antipode of C(Ω).
Let (C,⊗) be a monoidal category with unit object I. We say that C is a tensor
category over a field K if C is a K-linear abelian category and ⊗ is a bi-additive
functor. As the way stated above, the Tannaka-Krein duality is generalized as
follows.
Theorem 3.1. Let C be an essential small tensor category over K and Ω : C →
bmd(RV) a faithful K-linear exact monoidal functor. Then the coend C(Ω) becomes
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a V-face algebra and Ω gives an equivalence C ∼= com(C(Ω)) of tensor categories.
If ,in addition, C is rigid, then C(Ω) has a bijective antipode.
Remark. In [6], we introduced the notion of an R-face algebra for each commutative
separable algebra R over a field K. Similarly to the“V-Tannaka” duality stated
above, we also have an R-Tannaka duality for arbitrary R.
4. The canonical fiber functor
A tensor category C is called a split finite semisimple category if there exists a
finite set of objects {Lλ|λ ∈ V} such that each object of C is isomorphic to a finite
direct sum of Lλ’s and that these objects satisfy the following Schur’s lemma;
C(Lλ, Lµ) ∼= KδλµidLλ . (4.1)
Let C be a split finite semisimple tensor category. For each object X of C, we
define a bimodule Ω0(X) of R = RV by setting
λΩ0(X)µ = C(Lµ, Lλ ⊗X) (λ, µ ∈ V). (4.2)
Then Ω0 gives a faithful K-linear exact functor from C to bmd(R) by setting
Ω0(f)(k) = (idLλ ⊗ f) ◦ k (4.3)
for each f ∈ C(X,Y ) and k ∈ λΩ0(X)µ = C(Lµ, Lλ ⊗ X). Moreover Ω0 gives a
K-linear exact faithful monoidal functor by setting
(ϕ2)X,Y :Ω0(X)⊗R Ω0(Y ) → Ω0(X ⊗ Y );
f ⊗ g 7→ aLλXY ◦ (f ⊗ idY) ◦ g
(f ∈ λΩ0(X)ν, g ∈ νΩ0(Y )µ, λ, µ, ν ∈ V), (4.4)
ϕ0 :R→ Ω0(I); λ 7→ r
−1
Lλ
(λ ∈ V), (4.5)
where aXY Z : (X⊗Y )⊗Z →X⊗(Y⊗Z) and rX :X⊗I → X denote the associativity
constraint and the right unit constraint of C, respectively. Thus, applying the V-
Tannaka duality to (C,Ω0), we obtain the following canonical Tannaka duality.
Theorem 4.1. For each split finite semisimple category C, there exists a natural
way to construct a V-face algebra C(Ω0) and an equivalence Ω0 : C ∼= com(C(Ω0))
of tensor categories.
Example. Let G be a finite group. The tensor category com(C[G]) is finite
semisimple and {Cg|g ∈ G} gives a complete set of representatives of simple ob-
jects of com(C[G]). The canonical Tannaka dual of this category has a basis
{eab [g]|a, b, g ∈ G} which satisfies the following relations:
eab [g]e
c
d[h] = δag,cδbg,de
a
b [gh], (4.6)
∆(eab [g]) =
∑
c∈G
eac [g]⊗ e
c
b[g], ε(e
a
b [g]) = δab, (4.7)
◦
a=
∑
b∈G
eab [1], b =
∑
a∈G
eab [1], (4.8)
S(eab [g]) = e
bg
ag[g
−1], (4.9)
where a, b, c, d, g, h ∈ G.
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